Abstract. Let L be a totally real field of strict class number one and let O L be its ring of integers. Let p be a rational prime which is unramified in L. We consider the distance between two superspecial abelian varieties with real multiplication in characteristic p, where by "distance" we mean the minimal degree of an O L -isogeny. We give upper and lower bounds on the distance between superspecial abelian varieties with real multiplication by L in characteristic p in terms of p and the degree and discriminant of L.
Introduction
For distinct primes p and , Pizer ([Piz] ) considered the regular graph of supersingular elliptic curves over a finite field of p 2 elements, with edges corresponding to isogenies of degree . These graphs have good expansion properties and in fact are known to be Ramanujan. The diameter of these graphs was considered by Mestre ([Mes] ), and was shown to be bounded by c log p, where c is a constant independent of . Thus for example taking = 2, it follows that there exists an isogeny between any two supersingular elliptic curves in characteristic p of degree at most 2 c log p . For a given prime p, but independent of , one can ask for a bound, N (p), such that there exists an isogeny between any two supersingular elliptic curves in characteristic p of degree at most N (p). We refer to the minimal degree of an isogeny between two elliptic curves as the distance between them, in analogy with the terminology for graphs associated to the choice of a specific prime . In Section 5.4.1 below, we give fairly sharp upper and lower bounds on N (p), both roughly of the form "a constant times √ p". These bounds have applications to questions ranging from bounds on the index of a non-zero coefficient of associated theta series, to bounds on the denominators required to express a basis for a maximal order in B p,∞ , the quaternion algebra ramified only at p and infinity. More generally, one can consider the same question for products of supersingular elliptic curves with extra structure (superspecial abelian varieties with real multiplication). Graphs associated to superspecial abelian varieties with real multiplication were studied in [CGL] . In this paper, we give fairly sharp upper and lower bounds on the distance between superspecial abelian varieties with real multiplication. Specifically, for a given prime p and a totally real field L of strict class number one in which p is unramified, the degree, deg L , of an isogeny between two superspecial abelian varieties with real multiplication by L is a totally positive element of O L . We define a "norm" which is twice the trace of deg L , and let N (p) be the minimal integer such that there exists an O L -isogeny of norm less than N (p) between any two superspecial abelian varieties with real multiplication by L. Theorem 3.3 gives upper and lower bounds on N (p) in terms of p and the discriminant and degree of L. The proof of the upper bound uses an extension of Minkowski's bounds to totally real fields due to Chalk [Cha] , but Chalk's variant is only essential in the applications. The lower bound is asymptotic and holds for p large enough with respect to the discriminant and degree of L. The proof of the lower bound uses estimates on the number of isogenies of a given norm coming from estimates of coefficients of modular forms and class numbers. Applications of Theorem 3.3 are given in Section 4.
Background material and notation
2.1. Real Multiplication. Let L be a totally real field of degree g over Q with ring of integers O L , whose totally positive elements are denoted O + L , and discriminant d L . Assume that L has strict (or narrow) class number one. This is equivalent to L having class number one and every totally positive unit of O L being a square. Let σ 1 , . . . , σ g denote the real embeddings of L. Let p be a rational prime which is unramified in L, pO
Let B p,∞ be the quaternion algebra over Q ramified precisely at p and
By a principally polarized abelian variety (ppav) with real multiplication (RM) over a base scheme S we mean a triple A = (A, ι A , λ A ), where:
• (A, λ A ) is a principally polarized abelian scheme over S of relative dimension g;
is a ring embedding (it induces a ring embedding on the dual abelian vari-
• the relative tangent space T A/S,0 of A along its zero section 0, is a locally
2.2. Superspecial varieties and the degree of isogenies. Let k = F p . Our interest will be in superspecial ppav over k with RM. Let A, B be two L-superspecial varieties. We consider
We put no condition on f * λ B , but it follows from our assumptions that f
and we have a commutative diagram 
We conclude that the matrix representing the quadratic form [·, ·] is the Kronecker product of the matrices M 1 and M 2 . Thus, its determinant is det(
2.3. Traces and norms. Let N be a positive real number. Let
and
As we shall presently see, the sets U (N ) are finite. Various finiteness results obtained below are phrased in terms of the sets U (N ) and so it is of interest to compare them to the sets W (N ) . In what follows, f (N ) ∼ g(N ) means f (N )/g(N ) tends to 1 as N tends to infinity.
Lemma 2.3. The sets U (N ) and W (N ) have the following properties:
(1) Each set U (N ) is finite and
is finite and
Then,
2 /2 N ).
is the intersection of the image of O L with the convex body
The volume of ∆ (1) 
}, is maximized when all f i = 1 and a = g. Furthermore, in that case the cardinality is equal to the number of monomials of degree A in the variables x 1 , x 2 , . . . , x g , which is
Now, we will use this estimate for A = 1, since it is clear that to estimate from above the number of ideals of norm M , we may assume M is square free (roughly speaking, if p 2 is the same size as q 1 q 2 then, by the discussion above, p 2 gives us at most g(g + 1)/2 ideals, while q 1 q 2 may contribute g 2 ideals). The number of prime factors of M is at most log 2 (M ) and so, all together, the number of ideals of norm M is surely bounded from above by g log 2 (M ) = M log 2 (g) , and the number of ideals of norm less than N g is bounded by
Alternatively, note that since the Dedekind zeta function,
in our case, a simple pole at s = 1 with residue
This asymptotic estimate follows from Tauberian theorems, cf. [dSG, Theorem 4.20] , and gives a better estimate (asymptotically only) than the estimate
log 2 (2g) .
We now prove the third part of the lemma. The inclusion
is just the inequality for arithmetic and geometric means. We show the other inclusion. For x ∈ L ×+ , let
We note that Norm(y) = Norm(x) and y ∈ O + L . We have,
2 /2 . Therefore,
2 /2 . It thus follows that
Statement of the Theorem
Let L be a totally real field of degree g over Q and of strict class number one. Let p be a rational prime which is unramified in L.
in the notation of Lemma 2.2.
Remark 3.2. Note that if A, B are supersingular elliptic curves, L = Q and f A,B is twice the usual degree of the isogeny f .
Let f, g be two real valued functions defined on an unbounded subset of R + (such as the prime numbers).
We use the notation (1) One has
where for the lower bound of N (p) we assume p is "large enough" and, in particular, that p > 
Remark 3.4. Stirling's formula says that there is a continuous function η :
Using the formula for x = n and that n! = n · Γ(n), we find that n! ≤ √ 2π · n n+1/2 e −n e 1/(12n) and so that
, appearing in part (1) of the theorem, follows from the simpler inequality
Similar arguments allow one to get in part (1) that
and in part (2) that µ
4/3 and so the existence of an isogeny f with
Applications
Before proving the Theorem we provide some applications.
CM lifting.
Let A be an L-superspecial abelian variety. For example, when L = Q, this means that A is a supersingular elliptic curve. It is a question of some interest to examine the CM lifts of A. Proof. One can prove that the conductor of a quadratic order is always an ideal of O L , augmented to O K . That is, an ideal of the form
. Since the conductor of R is mO K we must have n ∼ m. Clearly m is unique up to units. To prove the second part, we note that the discriminant of the order
where f is the minimal polynomial of α; it is well defined up to O ×,2
shows that the discriminant determines the order: it is the order of conductor equal to a square root
and f is the minimal polynomial of α over L. The third part is clear. 
The next proposition deals with CM lifts of L-superspecial varieties, the key being the existence of lifts with bounded discriminant. 
Proof. Results about CM lifting proven in [GL, Yu] allow us to reduce the considerations to finding such an order in End O L (A). We appeal therefore to the second part of our Theorem that says that there exists
Since B p,L is ramified at all infinite places, the order O L [β] is an order of a CM field; its discriminant is −m, where m = Normf β (β), in the notation of Lemma 4.1. The element m is totally positive and,
3 ), cf. Remark 3.4.
Coefficients of certain theta series. Let
) one can associate a theta series:
which is a Hilbert modular form of weight 2 for the group
Here a(ν) = a A,B (ν) are the representation numbers of deg L,A,B (·)) (see [Eic, Theorem 1], cf. [Nic, §2.6]).

It is easy to see that a(ν) = a( ν) for any ∈ O
and so that Θ A,B is independent of the choice of O L -polarizations on A, B. We remark that the group Γ 0 (p) as defined here is the one appearing naturally in the theory and corresponds to classifying principally polarized abelian varieties with RM (see, e.g., [Gor, Corollary 2.19 
]). It is conjugate to that subgroup of matrices
One would like to know when we first get a nonzero coefficient in Θ A,B (q). The use of the sets U (N ) makes that precise and we deduce the following:
Corollary 4.4. For any A, B the following holds: For some
Proof. By the first part of the Theorem, we have a non
Then, making use of Equation (3.1) and simple estimates such as g 1/4g ≤ e (1/4e) etc., one finds that
4.3. Denominators required for writing superspecial orders. One knows that B p,L has only finitely many conjugacy classes of orders of bounded discriminant. In particular, finitely many conjugacy classes of maximal orders and finitely many conjugacy classes of superspecial orders. For certain applications one wishes to write a representative for each conjugacy class explicitly (and, more generally, for the ideal classes of each order). For example, this is useful for generating modular forms by theta series and constructing certain Ramanujan graphs whose vertex set is the set of L-superspecial points (cf. [CGL] ). There are well-known examples of maximal orders in B p,∞ specified by a Z-basis. For instance, let p ≡
(mod 4) then B = −1,−p Q
is the quaternion algebra B p,∞ over Q ramified only at p and ∞. It has a basis {1, i, j, k} with relations 
Proof. We view R and R as the endomorphisms rings of L-superspecial abelian varieties A and B; (A, B) be an isogeny, supplied by our Theorem,
where by f −1 we mean 
Exactly the same estimate made in the proof of Corollary 4.4 gives
Proof of the Theorem
5.1. The upper bounds. We shall apply a result of Chalk [Cha] : Let G be a gauge function on R mg , that is, a function G : R mg → R satisfying:
(In modern terminology, G is simply a norm. In fact, our definition here is slightly more restrictive than Chalk's. His definition of a gauge function is what is called today a semi-norm.) Let Λ ⊂ R mg be the
The successive minima µ 1 , . . . , µ m of G relative to Λ are defined as follows: Let µ 1 be the minimum of G over non-zero elements of Λ. Say G(λ 1 ) = µ 1 for some λ 1 ∈ Λ. We define the other successive minima by the following recursive procedure. Suppose that µ 1 , . . . , µ r were already defined and we have G(λ i ) = µ i for some λ i then µ r+1 is the minimum of G taken over all lattice vectors in Λ not lying in the L-linear span of λ 1 , . . . , λ r . Chalk proves a generalization of Minkowski's theorem (similar generalizations were given previously by H. Weyl): 
Given two L-superspecial abelian varieties
We remark that G is indeed a gauge function because it is associated with the positive definite quadratic form f A,B -see Lemma 2.2. It follows from loc. cit. that the volume of the unit ball of G is
(recall that the volume of the unit ball in R 4g is π 2g (2g)! ). Applying inequality (5.1) for m = 4, we get
We conclude that µ
This proves the first upper bound. We remark that the use of Chalk's result is not essential here but is made to streamline the presentation. Using Minkowski's theorem gives the same inequality in this case, however, in the applications we make use of Chalk's result to estimate µ 2 . Consider now the degree of such f as an isogeny, namely, consider the rank of the finite group scheme Ker(f ). This degree is equal to Norm L/Q deg L (f ). Making use also of Remark 3.4, we find
We now consider the upper bound in the second part of the theorem. In the case A = B and the lattice End O L (A), we use the trivial inequality µ 1 ≥ 1. It follows from inequality (5.2) that µ
If µ 1 is achieved for an element in O L , then for the element f realizing µ 2 we have the required bound. This finishes the proof of the upper bounds in the Theorem. After developing some tools, we shall prove the lower bound in § 5.3.
Subgroup schemes.
In this section we estimate the number of subgroups schemes H of given rank of an L-superspecial variety A, such that A/H is also an L-superspecial variety and such that the isogeny π H : A → A/H is of polarized abelian varieties with RM. Clearly H has to be O L -invariant. First 
Proof. Suppose that ( H, p) = 1. Then, since A is principally polarized it satisfies the Rapoport condition (cf. [Gor] for example) and since the isogeny A → A/H induces an isomorphism on tangent spaces (with the O L -structure) it follows that A/H also satisfies the Rapoport condition. Since the strict class number of O L is one, it follows that A/H has a principal O L -linear polarization as well.
Another proof can be given by induction on the composition series length for Ker(π H ). One then easily reduces to the case where Ker(π H ) is a simple O L -module killed by a prime ideal l O L . It is easy to check then that Ker(π H ) is a maximal isotropic subgroup of A [l] . Since O L has class number one, l = (a) for some a ∈ O L and we are done, by the remarks above.
On the other hand the number of such generators (a, b) is clearly 2kf (l) − 2(k−1)f (l) . We conclude that there are
such O L -modules and we are done, using the induction hypothesis for k − 2.
Two multiplicative functions agreeing on powers of prime ideals are equal; this gives the following Corollary. 
One gets the same isomorphism classes (since we assume L has strict class number one) by taking = 1.
We want to calculate the cardinality C(M ) of the set
at least for M < p. In general, when we write f : A → B we mean that f is an isogeny of abelian varieties with RM. It follows that
The lower bound on N (p) will come from the fact that we must have C(
where is the number of isomorphism classes of L-superspecial varieties in characteristic p.
Let us fix now representatives for the isomorphism classes of L-superspecial varieties, say,
where B 1 = A. Then C(M ) is also the cardinality of the set 
Proof. Given an object B j ∈ S we have f : A → B j corresponding to it. We take α = deg L,A,B j (f ), and it follows from Lemma 5.3 that deg(Ker(f )) = (α). Conversely, given (B j , ι j ) in S and f :
Proof. Indeed, since the isomorphism class of (B j , ι j ), appearing as an element of S and so as the target of f : (A, ι A ) → (B j , ι j ), is completely determined by the kernel of f , we get
We remark that the inequality results from the fact we may have 
where q ν = exp(2πi · Tr(νz)), H = {z ∈ C : Im(z) > 0} and δ is a totally positive generator of the different ideal D L . See, e.g., [vdG, §6] . Consider then the diagonal embedding H → H g ; via this embedding E 2,L pulls back to a modular form B L on SL 2 (Z) of weight 2g and Fourier expansion
(If L = Q we define B L (q) this way as a formal power series; the series is not convergent.) In general, we are not aware of a closed formula expressing B L in terms of generators for the modular forms of weight 2g. We therefore make coarser estimates (but see our discussion in Sections 5.4.1, 5.4.2 below for g ≤ 3 and see also [Coh] .) We have
where h(q) = ∞ n=1 a n q n is a cusp form of weight 2g and E 2g is the Eisenstein series for SL 2 (Z) of weight 2g, normalized as
The Fourier coefficients a n of h(q) satisfy the bound [Apo, Theorems 3.4, 3.5 
which, using the functional equation ζ Q (1 − s) = 2(2π) −s Γ(s) cos(πs/2)ζ Q (s) (see [Apo, Theorem 12.7] ),
gives us
All together, we have proven the following Proposition. 
Recall that our definition of N (p) allows the use of f with f A,B ≤ N (p), or This matches quite well our upper bound from Theorem 3.3 in the case g = 1:
As above, let p be a prime, the class number of B p,∞ . In the table, N is the minimal integer for which there exists an isogeny of degree less or equal to N between any two supersingular elliptic curves over F p . Thus N = 1 2 N (p), but it is more natural to use N in the context of elliptic curves. Because of running time and memory restrictions we did only sample calculations. For p = 10007, the total computation time was 22688.710 seconds, total memory usage was 1213.97MB. The program ran on an Intel Pentium 4, 2.53 GHz, 1 GB memory using MAGMA.
